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Ⅰ. Introduction
It is very critical to understand the behavior of interest rates especially in
economics to make a decision on macroeconomic and/or monetary policies and
in finance, for example, in valuing and hedging fixed income securities, options
and other derivatives. Researchers have commonly adopted continuous-time
modelling of the short-term interest rate as an useful tool to model the dynamics
of interest rates since they provide a tractable way to obtain the term structure
of interest rates and price interest rate derivatives. It is convenient to represent
instantaneous interest rates as a continuous-time diffusion process satisfying a
stochastic differential equation (SDE) of the form
            

(1)

where   is the state variable and  is a standard Brownian motion. The drift,
    and volatility,      are known functions and  is an unknown

parameter vector in an open bounded set  ⊂   . This single-factor model
postulates that changes in interest rates are determined by one factor which is
assumed to follow a diffusion process and often taken to be the short or
instantaneous rate of interest. Unfortunately, theory provides little guidance about
the particular functional specifications of the model. In order to capture features
of observed short-term interest rate movements, a number of researchers have
been trying to estimate this model with different specifications by using a variety
of econometric methods. This article examines a general parametric model
specification (2), which can nest, to our best knowledge, most of single-factor
models that have been proposed in the literature to investigate the dynamics of
short-term interest rates.
The interest rate term structure and the price of an interest contingent claim
are dependent on the parameters of a diffusion model. Therefore, it is crucial to
find a diffusion process that can reflect movements of the short-term interest rate
rather than assuming a specific diffusion model. This can be done by estimating
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a flexible diffusion model with real data and choosing a best model. Then, we
are able to use parameter estimates to compute prices of bonds with different
maturities or interest rate derivatives.
Recently, many researchers suggested new estimation methods and theories for
a diffusion model. Chan, Karolyi, Longstaff, and Sanders (1992) (hereafter
CKLS), Gibbons and Ramaswamy (1993), Bliss and Smith (1998) and Ahn and
Gao (1999) used generalized method of moments (GMM) to obtain estimates of
univariate diffusion processes with different functional forms of expected changes
and volatilities of the short term interest rate based on the Euler approximation
to the model. However, the GMM estimators generated from the discretized
version of the continuous-time model are known to be biased and inconsistent
(Merton, 1980) due to misspecification. As a matter of fact, the empirical results
of these articles have yielded mixed results. Efficient method of moment (EMM)
was employed by Gallant and Tauchen (1998) to estimate various diffusion
processes of the short rate models. Conley, Hansen, Luttmer, and Scheinkman
(1997) (hereafter CHLS) proposed two new methods for estimation of a diffusion
model encompassed by (2) and showed that the stationarity can be volatility
induced. As a way to avoid the potential misspecification problem in the case of
the parametric model, nonparametric approach has been proposed by Aït-Sahalia
(1996a, b) and Stanton (1997). They find the evidence of nonlinearity in both
drift and volatility terms. On the other hand, Pritsker (1998) states that the
specification test developed by Aït-Sahalia (1996b) rejects true models quite
often. He argues that the evidence in Aït-Sahalia (1996b) provides only limited
support for the nonlinearity in the drift. In Chapman and Pearson (2000), they
find that the methods proposed by Aït-Sahalia (1996b) and Stanton (1997) are
prone to find evidence of nonlinearity in the drift when true model does not
have it.
Considering the Markovian property of the diffusion process and optimality of
likelihood-based techniques, maximum likelihood estimation (MLE) is the method
of choice. However, the problem with implementing MLE is that the closed-form
transition probability density function (TPDF) is not available for most of
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diffusion processes one encounters in the past studies except some rare cases
such as Vasicek (1977), Cox, Ingersoll, and Ross (1985) (hereafter CIR), Black
and Scholes (1973), and Ahn and Gao (1999).
Researchers have tried to approximate the TPDF using a variety of methods.
To estimate the model using discrete-time sampling without worrying about
discretization bias, people have solved numerically the Kolmogorov partial
differential equation (PDE) known to be satisfied by the TPDF (Lo, 1988; and
Aït-Sahalia, 1999), or simulated a large number of sample paths between each
pair of observations to integrate out unobserved states of the process (Pedersen,
1995;

and

Santa-Clara,

1995).

Since

these

methods

have

computational

difficulties in implementation, a new way to accelerate the convergence of the
simulation-based method has been proposed recently by Durham (2002). They
find that the volatility rather than the drift is the critical component in the model
specification and the stationarity is volatility-induced. However, none of the
above methods produces a closed-form expression for the TPDF.
Aït-Sahalia (2002) developed theories that can be used to approximate very
accurately unknown but true transition probability density function (TPDF) of an
arbitrary diffusion process following equation (1) when the data of the process
are observed at discrete time intervals. He has established a new way to get an
explicit approximation to the true TPDF for a univariate diffusion process by
using a Hermite expansion of the TPDF around a normal density up to any
order. In his application paper, Aït-Sahalia (1999), he exploited an alternative
expression to the Hermite expansion, which can actually be obtained by the fact
that the Kolmogorov backward and forward PDEs must hold for the TPDF. He
showed that first order or second order at most approximations are sufficient to
get the precise density function approximation even for monthly data. People
have generalized his work to univariate time-inhomogeneous diffusions (Egorov,
Li, and Xu, 2003), the multivariate time-homogeneous case (Aït-Sahalia, 2008),
multivariate

time-homogeneous

jump

diffusions

(Yu,

2007),

multivariate

time-inhomogeneous diffusion processes (Choi, 2013; and Choi, 2015b), and the
multivariate time-inhomogeneous jump diffusion case (Choi, 2015a).
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A diffusion process is said to be reducible if it can be converted into a unit
diffusion where the volatility is the identity matrix. A univariate diffusion model
is always reducible whereas not all multivariate diffusion processes are reducible.
Aït-Sahalia (2008) developed a new method to attain log-TPDF expansion for the
irreducible case. This is called the irreducible method, which is general enough
to be applicable to the reducible diffusion as well. Although our model is a
univariate diffusion and reducible, the irreducible method is more convenient to
approximate the true TPDF of diffusion model (2) for which a closed-form
density is unavailable. The reason is because an explicit formula for the
transformation with which we transform a univariate diffusion to a unit diffusion
is unavailable in our case. After constructing the approximate density function
we estimate our model by MLE.
To estimate diffusion models for Korean short term interest rates, different
frequencies of two different short term interest rates have been adopted in
various papers. They include Lee (1997) and Chang and Lee (1996) (weekly 91
day CD rate), Yun (2005) (monthly 91 day CD rate), Yang (1997) (weekly
overnight call rate), and Han and Kim (2000) (weekly 91 day CD and overnight
call rates). All of these studies followed Chan, Karolyi, Longstaff, and Sanders
(1992) and applied GMM to the Euler approximation of the CKLS model and
other models nested by the CKLS. Because daily data of both rates are available
and it is better to apply higher frequency data to the continuous-time diffusion
model, we employed the daily 91 day CD and overnight call rates. Furthermore,
an approximate TPDF is obtained by the irreducible method for the MLE
because the Euler approximation is well known to produce inaccurate TPDF and
biased estimators (Aït-Sahalia, 1999).
Contribution of this paper to the literature can be summarized as follows.
Although existing studies adopted only the CKLS model, a more general
diffusion model has been employed to explain the movements of the Korean
short term interest rates. Other representative nested models are also estimated
and compared with the main model. This way we can let the data say which
model is better in describing the dynamics of the short-term interest rates. When
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it comes to the estimation method, our approach does not suffer discretization
bias since we use a very accurate TPDF expansion. Moreover, we use MLE,
which generates the most efficient estimator and is preferred to any other
methods. In addition, we use two mostly widely used short-term interest rates to
estimate a general diffusion model.
Overall, estimation results are quite similar for both interest rates. We could not
find any significant evidence of nonlinearity in the drift in either data series.
However, for both interest rates, a linear drift term is statistically different from
zero at high interest rates, which implies mean reversion property of the interest
rate. We could obtain very significant estimates for the parameters in the volatility
for all models and all data sets. The volatility is an increasing function of the
interest rate. It appears that a linear drift and a general volatility functions are
enough to model two popular short-term interest rates in Korea. We also found
some evidence that the underlying data generating process might change over time.
The remainder of this paper is organized as follows. The diffusion models for
the short-term interest rate used in this article are described in section 2. The
theoretical results of Aït-Sahalia (2002) and Aït-Sahalia (2008) to approximate
the TPDF and estimation procedure are discussed in Section 3. In the following
section, we describe the data sets. Section 5 explains how we obtained the
approximate TPDF and presents estimation results. We also compare main model
(2) with other encompassed diffusions. Estimation results for two subperiods are
included as well in this section. A brief conclusion is contained in Section 6.

Ⅱ. Model
Our time homogeneous one-factor model for short-term interest rates follows
continuous-time Markov processes. We estimate the diffusion model with nonlinear
general drift and volatility functions and other popular models nested by:
                         


             



(2)
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where                        ′ . Because model (2) has general
drift (GD) and volatility (GV) terms, we call it GD-GV model. The
diffusion
     

model

                          

with


      



and

was designed by Aït-Sahalia (1996b) to capture

the property of very little mean reversion in the drift and lower volatility
while interest rate values remain in the middle part of their domain, and
strong mean reversion and higher volatility at either end of the domain. We
extend Aït-Sahalia (1996b) by adding third order term to the drift. This is
motivated by Kristensen (2010) where he found quite strong mean reversion at
higher interest rates. The second order term turns out to be not enough to
detect such a behavior and Choi (2009) included the third order term as well.
If            we have a linear drift term and then it implies that the
strength of mean reversion is the same for all levels of the short rate. In this
case,   determines the rate at which   returns to its long-run average value

  . It appears to be more reasonable that mean reversion is stronger for


extremely low or high levels of   and our specification of drift reflects this.
Our model tries to capture the nonlinearities in the drift and the volatility found
in the nonparametric literature for example, Aït-Sahalia (1996b) and Stanton
(1997) even though we do not force the parameters to reflect these shapes. In
our model, the speed of returning   to its long-run average value is equal to
the

first

        

derivative

of

the

         .

drift

with

respect

to

interest

rate,

Therefore, our model can have different mean

reversion speed at each interest rate.
In addition, the volatility function in our model defines the volatility of the
short rate as a function of the level of the short rate, which accounts for
heteroskedastic behavior of   . The constant elasticity of variance (CEV)
structure is a special case of our specification. For the CEV model
          is the elasticity of the volatility with respect to the state

variable   . In this case, as long as     volatility increases as   increases
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and volatility function will be concave or convex in   depending on the value
of   . However, our volatility function does not have monotonicity any longer.
Aït-Sahalia (1996b) added       to the CEV function in order to investigate
whether or not the volatility of   increases when   is small as well as when
it is large. Moreover, nonlinearity in the volatility may guarantee stationarity of

  which is a particular case of volatility-induced stationarity by CHLS.
The model with     and        has been estimated by Aït-Sahalia
(1996b), CHLS, Tauchen (1995) and Durham (2002) using several estimation
techniques. Our model encompasses many of other popular diffusion models for
the short term interest rate such as CKLS             and        ,
CIR

                   and     ,

and

Vasicek

            and            . The CKLS model has a linear drift

and CEV specification so we call it LD-CEV model. We will also consider a
model with the general drift and the CEV structure, which is said to be
GD-CEV model. These nested models are also estimated and compared with (2).
Some restrictions on the parameters need to be imposed to ensure that diffusion
models considered satisfy five properties in Aït-Sahalia (1996b). They are
  ≥  and     i f     and      
or     i f     and    

(3)

(4)

    i f      or     and
    i f        or    
  ≤  and   ≤  i f     or     i f        

(5)

     and    ≥   ≥  or           

(6)

      and   ≥     .

These

conditions

are

easily

verified

following

Aït-Sahalia

(1996b).

Requirements (3) and (4) are for    to be positive in the neighborhood of
the zero and infinity boundaries, respectively. Mean reversion of the drift term at
high values of  

is guaranteed by restriction (5) by making infinity

unattainable. Lastly, zero is unattainable by condition (6).
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Ⅲ. Estimation Method
This article uses the theoretical results of approximating the TPDF of a
continuous diffusion process developed by Aït-Sahalia (2008). Short term interest
rates modeled by (1) follow a continuous-time diffusion process which is a
Markov process, and this property carries over to any discrete subsamples from
the continuous time path. Hence if we know the TPDF of the Markov process,

  we can get the log-likelihood function of the simple form


   

 ln 

 

 ∆  ∆     ∆  

combining Bayes’ rule with the Markovian nature of (1) when   ’s are observed
discretely at times {   ∆       }. ∆   is the time difference between
successive observations and generally small, but fixed as  increases. For


instance, if the series are daily ∆   , weekly ∆   and monthly



∆   .  ∆  ∆    ∆   is the TPDF of   for going from   at

    ∆ to  at   ∆ .

Nonetheless, the true TPDF of a diffusion model is unknown in general.
Naming a few exceptions, Vasicek, CIR and Black-Scholes models. Aït-Sahalia
(2002) found a way to obtain a very accurate approximation in a closed form to
the unknown TPDF,  ∆  , the conditional density of    ∆   given

    for the time homogeneous diffusion process (1). Using his method, we
can get a closed form approximation to the TPDF of   for which the true
TPDF is unavailable. For more detailed explanations about how to obtain
approximate TPDF of a univariate diffusion process   , refer to Aït-Sahalia
(2002) and Aït-Sahalia (2008). Then we are able to estimate the parameter vector
 by the MLE.

In order to obtain maximum likelihood estimates (MLEs) of the parameters,
we maximize the K-th order approximate log-likelihood function
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∆  ∆    ∆  
    ≡ 

   



over ∈ with the convention that ln  ∞ if    .1) Here


  ∆     ∆   ln  

    


∆   
∆
  
 
   ∆   
∆







 
Then the approximate MLE, 
  is very close to the exact (but incomputable in

practice) MLE, 
  and these two estimators share the same asymptotic
properties. This property is also confirmed by the empirical investigations in
Aït-Sahalia (1999).
As usually assumed by many researchers, we will consider only the situation
where the process admits a stationary distribution. This stationary diffusion
process assumption has to do with the following estimation step rather than the
theoretical results of approximating the true density. Then, we can get the
asymptotic normality of the ML estimators and achieve the smallest possible
asymptotic variance among all of those consistent and asymptotically normal
 
estimators of   . Now, we can exploit the asymptotic normality of 
  to test

hypothesis using conventional test statistics. In fact, the capability of obtaining
 
and 
  share the
transition density approximation and the features that 


same asymptotic properties are true not only for the stationary case but also for
more general cases (Aït-Sahalia, 2002).
  
Define    ≡ ln  ∆  ∆     , the  ×  vector    ≡  , and

    
 ×  matrix    ≡  . Under the regularity conditions we have that
′
 


 
     →         

(7)

1) I used the built-in optimizer in Matlab to get the constrained maximum likelihood estimates. While I
maximize the log likelihood function, the  can be negative depending on the parameter value and the
program stops if the  value is negative. This convention helps the optimizer continue to find optimum.
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where, the asymptotic variance of the maximum likelihood estimator is the
inverse of the following Fisher’s Information Matrix given by
   ≡      ′      

(8)

In order to not lose identification of parameter vector, the transition function
 should not be uniformly flat in the direction of any one of the parameters
        otherwise  ∆       for all    and the model

cannot be identified. The sample averages of the inner product of the first
derivative or the second derivative of the log-likelihood expansion evaluated at
the MLEs can be used to calculate the asymptotic variance of MLE.
We can use conventional means of specification testing such as the likelihood
ratio test, Wald’s test, and Rao’s score test to test nested models by (2) that
 
only allow for 
  and 
  free parameters in  . Since 
  share the same

asymptotic properties we can replace true MLE, 
  and the restricted MLE, 

 
 
and the restricted approximate MLE, 
by the approximate MLE, 



respectively in the following test statistics to test        , where ∙ is
a q-vector valued differentiable function with    .

  ln  
    ln   
  



       
  
  ′     
′  ′ 





 ′

 




 ln           ln   


 





  

′
′   


All of these test statistics are asymptotically     distributed.
Since the likelihood value is available, we can use various information criteria
to rank restricted models. We will use the AIC2) and BIC3) to compare different
models. Both the AIC and BIC should be minimized by the preferred model.



2) The AIC is proposed by Akaike (1973) and given as          , where  is the


likelihood function of a model, d the number of parameters in the model and n the number of
observations.

ln
3) The BIC (Schwarz, 1978) is given by          .
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Ⅳ. Data
We examine model (2) and other encompassed models using two different
daily interest rate data sets which have been popularly used by researchers. For
both the overnight call rate and the 91 day CD rate, daily observations from
January 3, 1995 to July 11, 2014 have been downloaded from the Economic
Statistics System of the Bank of Korea.
Both data sets are annualized and have 5,041 observations. The minimum,
maximum, sample average, standard deviation, degree of excess, and skewness
coefficient of the observations for each data series have been computed in Table 1.
Especially, the skewness coefficient,  and the degree of excess,
     are respectively normalized measures of the asymmetry and the

thickness of the tails of the distribution relative to the standard Normal
distribution. Note that         and         . Both values are
zero for the standard Normal distribution. The positive skewness coe¢ coefficient
and degree of excess for both series reveal departures of the distributions of two
short-term interest rates from the Gaussianity. This tells Euler approximation is
inappropriate to get an approximate TPDF of our diffusion models.
<Table 1>

Summary Statistics
The Overnight Call Rate The 91 Day CD Rate

Data Period

01/03/1995-7/11/2014

Observations

5041

Minimum

0.016

0.024

Maximum

0.27

0.25

Mean

0.058

0.065

Std. Dev

0.044

0.044

Skewness Coeff

1.93

1.56

Degree of Excess

3.69

2.00

Notes: Descriptive statistics for the daily overnight call rate and the 91 day CD rate from
January 3, 1995 to July 11, 2014 are computed. Here, the skewness coefficient,

   and the degree of excess,     are respectively normalized measures of
the asymmetry and the thickness of the tails of the distribution relative to the standard



Normal distribution. Note that         and         .
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Figure 1A and 2A plot the historical levels of interest rates over the period
for two time series, the overnight call rate and the 91 day CD rate, respectively.
It is evident from those figures that our data sets are highly correlated with each
other and cover virtually the entire range of interest rates from very low to high
levels. It is worth while to investigate how different models would accommodate
the dynamics of short-term interest rates.
Scatter plots of daily changes in the short rate against the previous day’s rate
are depicted in Figure 1B and 2B respectively for the overnight call rate and the
91 day call rate. The changes in interest rates tend to increases as the level of
interest rates increases, which is the distinct evidence of heteroskedasticity and/or
nonlinearity in the drift. Our general diffusion model and some of the nested
models are expected to capture such behavior.

<Figure 1A>

Daily Observations of the Overnight Call Rate
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<Figure 1B>

Daily Changes of the Overnight Call Rate

Notes: Figure 1A draws the historical levels of the overnight call rate from January 3, 1995
to July 11, 2014. Figure 1B is a scatter plot of daily changes in the overnight call rate
against the previous day’s rate for the same data period.

Ⅴ. Results
1. Density Approximation
We estimate diffusion models of our interest to evaluate their ability to
capture the actual behavior of the interest rate. The key to our approach is to
use the approximate TPDF of the state variables because the closed form
expression for true density function is not available. Usefulness of the method by
Aït-Sahalia (2008) lies in its ability to obtain very precise density approximations
to the true one when it is unavailable. Using this approximate density function
we can .nd the approximate MLEs of the parameters.
As discussed in Section 2, depending on how we specify the drift or volatility
functions, the following five different diffusion models listed in Table 2 are
estimated for both series. While the true TPDFs are known only for the CIR and
Vasicek models, it is not the case for other three more general processes.
Therefore the irreducible method explained in Section 3 is applied to get
approximate TPDFs for all diffusion processes including the CIR and Vasicek
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models for comparability between the models. Using TPDF expansions for the
CIR and Vasicek cases instead of the true TPDF is not going to cause much
problem since we can approximate the true TPDF quite accurately for these
cases as Aït-Sahalia (1999) demonstrated.

<Figure 2A>

Daily Observations of the 91 Day CD Rate

<Figure 2B>

Daily Changes of the 91 Day CD Rate

Notes: Figure 2A draws the historical levels of the 91 day CD rate from January 3, 1995 to
July 11, 2014. Figure 2B is a scatter plot of daily changes in the 91 day CD rate
against the previous day’s rate for the same data period.
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Even the GD-CEV specification includes various other diffusion models in the
literature.

No

drift

model

encompasses

Dothan

(1978)

where

   ,

Constantinides and Ingersoll (1984) and Cox, Ingersoll, and Ross (1980) who
uses     . Merton (1973) for which     is nested by constant drift model.
The linear drift and CEV structure subsumes Gibbons and Ramaswamy (1993)
and Pearson and Sun (1994) in which     , Black and Scholes (1973) where
    and     , Brennan and Schwartz (1979) and Courtadon (1982) for the

case     and Cox (1975) who use the case     . Ahn and Gao (1999)
where     and     is a special case of quadratic drift (QD) model.
Tauchen (1995), Aït-Sahalia (1996b), CHLS and Durham (2002) analyzed the
model that has the GD with     the CEV using different methods.
Aït-Sahalia (1999) applied his Aït-Sahalia (2002) to this model with the
restriction     .
First

order

  

approximate

TPDF

has

been

found.

Thus



 
             and     and     ∆       ∆  

   ∆  and    ∆  are required.4) Aït-Sahalia (1999) has
done some comparisons for the popular models in finance, Vasicek model, CIR
model and Inverse of Feller’s Square Root model for which the true TPDF are
known in closed form. Using monthly data set, he showed that expansion with

   is sufficient to make the uniform approximation error between the first
order expansion and the exact density very small and the exact and approximate
densities fall on top of one another.

2. Estimation Results
Estimation results of five models in Table 2 for the overnight call rate are
tabulated in Table 3. The ME estimates of the parameters and their standard
errors in parenthesis are listed in the upper part of this table from the second
column to the last one for each diffusion process. None of the parameters for the
general nonlinear drift function for the first two models turn out to be
4) Matlab code for the TPDF expansion can be provided upon request.
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statistically insignificant at a usual level. On the contrary,   is significantly
different from zero at the 1% significance level for the rest of the models which
have a linear drift term. For the LD-CEV model,   is also statistically
significant. This can be seen as an evidence against nonlinearity of the drift
term. As a matter of fact, we need to draw the drift function using those
estimates to check if there is any evidence of nonlinearity in the drift part. The
second column of Figure 3 contains graphs of the drift functions and their 95%
confidence bands for all models over the range of observed interest rates. The
95% confidence bands for the first two models with a general drift include the x
axis for all interest rates between 0.01 and 0.29, which implies the drift term is
indistinguishable from zero at the 5% significance level. In contrast, for all of
the last three diffusions with a linear drift function, the x axis is out of the 95%
confidence band from a moderate level of interest rate on. Although we cannot
find a nonlinearity in the drift, the mean reversion property of the interest rate at
higher values has been verified. The negative drift at high interest rates has the
effect of preventing interest rates from exploding to infinity boundary.
All of the parameters for the volatility term are statistically very significant for
all diffusions estimated. Pictures of the volatility functions evaluated at the ML
estimates for observed interest rates are presented in the last column of Figure 3.
The 95% confidence bands are too tight around the volatility to see the band,
which is because the standard errors are so small for all estimates. As interest
rate increases, the volatility goes up except the Vasicek where a constant
volatility is imposed. We can detect that the volatility increases slightly at a
fairly low level of interest rates by using the general volatility function of the
GD-GV model. Other than this, the volatility functions of first three diffusions
are almost identical, which is obvious from Panel B, D, and F of Figure 3.
Since both CIR and Vasicek models are inferior to other three diffusions in
terms of the information criteria and by the likelihood ratio test, the volatility
functions of those two models can be seen as underestimated ones.
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<Table 2>

Diffusion Models for Short-Term Interest Rates
         

Model
GD-GV

             


       

GD-CEV

             


   






LD-CEV          
CIR

        
 

 
Vasicek         

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

Note: Five different diffusion models considered for the short-term interest rate are listed. The
GD-GV encompasses other four models. Parameter restrictions for other nested models
are also given.

The most general model from Table 2, GD-GV model is preferred to other
diffusions because it yields the smallest AIC and BIC values and the likelihood
ration test rejects other models. The log-likelihood difference between GD-CEV
and LD-CEV is negligible even though the former has a more general drift term
than the latter. This is due to no evidence of nonlinear drift as discussed above.
Moreover, the LD-CEV is better than the GD-CEV according to the AIC and BIC.
For the case of the 91 day CD rate, estimation results are summarized in
Table 4. Using the ML estimates we draw graphs of the drift and volatility
functions of various models from Table 2 against virtually entire range of
interest rates observed in Figure 4. Overall, we obtained very similar results to
those of the call rate case. The standard error of each parameter in the drift of
the GD-GV and GD-CEV models is too large for the estimate to be significantly
different from zero at a usual level. Again, we do not know if there is a mean
reverting behavior in the 91 day CD rate until we plot the drift function and see
whether or not the x axis is excluded from the confidence band. Unlike the call
rate case, the 95% confidence bands do not have the x axis for medium interest
rates as can be seen from Panel A and C of Figure 4. It does not appear that
the drift term is nonlinear but we are able to find that the 91 day CD rate tend
to revert to the long-run mean level as the interest rate goes up.
Unlike the drift term case, we can get very precise estimates for the
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parameters in the volatility for all models. Comparing to the call rate, the
volatility of the GD-GV model does not seem to increase even the rate reaches
a very small value. At each interest rate for each diffusion, the volatility level of
the 91 day CD rate is smaller than that of the call rate.

<Table 3>

MLE Results of Diffusion Models for the Call Rate
GD-GV



GD-CEV

LD-CEV

 

0.000023

0.0000035

0

(std error)

(0.00032)

(0.00026)





0.0046

0.0057



(std error)

(0.028)

(0.023)

(0.0019)


CIR

Vasicek

0

0

-

-

0.011

0.011

(0.0077)


(0.017)

  



-0.18

-0.20

 

(std error)

(0.75)

(0.57)

(0.080)

(0.065)

(0.10)



-0.095

-0.050

0

0

0

(std error)

(6.98)

(3.62)

-

-

-



0.0046

0.00000000056

0

0

0

(std error)

(21.70)

(6.84)

-

-

-



 

0

0

0

0

(std error)

(0.00000085) -

-

-

-

0

0

0





 

(std error)

(0.000060)






(std error)

(0.0093)


0
-





(0.0035)




 



(0.0034)






 

(0.000010)

(0.0000011)

1

0





(std error)

(0.014)

(0.0027)

(0.0026)

-

-

log-lik

50869.49

49624.66

49624.66

45064.31

39630.07



GD-GV
GD-CEV

LR test



vs GD-GV vs GD-GV
LD-CEV
CIR

vs GD-GV
Vasicek

(p-value)

-

0.000

0.000

0.000

0.000

AIC

-20.1787

-19.6856

-19.6868

-17.8779

-15.7219

BIC

-20.1671

-19.6766

-19.6817

-17.8740

-15.7180

vs

Notes: Estimation results of the GD-GV, GD-CEV, LD-CEV, CIR and Vasicek models for the
overnight call rate are tabulated in Table 3. In the upper part of Table 3, the ME
estimates of the parameters and their standard errors in parenthesis are presented from
the second column to the last one for these diffusions. Statistically significant estimates
at the 1% significant level are denoted by **. After listing maximized log-likelihood
values for each diffusion, the p-values from testing the last four models against the
GD-GV are shown. Finally, the AIC and BIC values are given in the last two rows.
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When other nested models are tested against the GD-GV, we can easily reject
the null in all cases. Interestingly, the GD-GV is selected by the AIC whereas
the LD-CEV is preferred to other models according to the BIC. This is because
drift parameters of the GD-GV model are not significant and the fact that the
BIC penalizes additional parameters more than the AIC does.
It appears to suffice to use a linear drift and a general volatility to describe
the overnight call rate and the 91 day CD rate. Comparing Figure 3 and Figure
4, although the forms of drift functions are linear in all cases for both rates, the
call rate exhibits stronger mean reversion than the 91 day CD rate. In addition,
the volatility of the call rate is greater than that of the 91 CD rate at all
observed interest rates. The reason why we get these results may have something
to do with different maturities of two interest rates. Although both rates are
considered as short term interest rates, the maturity of call rate (1 day) is much

<Figure 3> Estimation of Drift and Volatility Functions for the Call Rate
Drift Function    

GD-GV

GD-CEV

Volatility Function     

48 한국은행 경제연구원 ｢經濟分析｣ 제21권 제4호 (2015.12)

LD-CEV

CIR

Vasicek

Note: The drift and volatility functions evaluated at the ML estimates over the range of
observed overnight call rates are depicted in the second and third column of Figure 3,
respectively, for each model.
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<Table 4>

MLE Results of Diffusion Models for the 91 Day CD Rate



GD-GV

GD-CEV

LD-CEV

CIR

Vasicek

 

0.00013

0.00013

0

0

0

(std error)

(0.00038)

(0.00035)

-

-

-

0.0032

0.0032





-0.0038

-0.0038



(std error)

(0.023)

(0.022)

(0.0015)

(0.0037)

(0.0083)



-0.054

-0.053

  

  

  

(std error)

(0.41)

(0.39)

(0.042)

(0.033)

(0.050)



-0.36

-0.36

0

0

0

(std error)

(1.92)

(1.82)

-

-

-



-0.0000016

-0.000000057

0

0

0

(std error)

(0.11)

(0.085)

-

-

-







0

0

0

0

(std error)

(0.00000026) -

-

-

-

0

0

0



 

(std error)

(0.000012)






(std error)

(0.0038)




0
-





(0.0016)






(0.0012)






 

(0.0000020)

(0.00000027)

1

0





(std error)

(0.015)

(0.0036)

(0.0029)

-

-

log-lik

58047.59

58033.43

58033.39

53295.43

48000.37

GD-GV vs
GD-CEV

GD-GV vs GD-GV vs
LD-CEV
CIR

GD-GV vs
Vasicek
0.000

LR test





(p-value)

-

0.000

0.000

0.000

AIC

-23.0266

-23.0218

-23.0230

-21.1436

-19.0428

BIC

-23.0127

-23.0127

-23.0178

-21.1397

-19.0389

Notes: Estimation results of the GD-GV, GD-CEV, LD-CEV, CIR and Vasicek models for the
91 day CD rate are tabulated in Table 4. In the upper part of Table 4, the ME
estimates of the parameters and their standard errors in parenthesis are presented from
the second column to the last one for these diffusions. Statistically significant estimates
at the 1% significant level are denoted by **. After listing maximized log-likelihood
values for each diffusion, the p-values from testing the last four models against the
GD-GV are shown. Finally, the AIC and BIC values are given in the last two rows.
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<Figure 4> Estimation of Drift and Volatility Functions for the 91 Day CD Rate
Drift Function    

GD-GV

GD-CEV

LD-CEV

CIR

Volatility Function     
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Vasicek

Note: The drift and volatility functions evaluated at the ML estimates over the range of
observed 91 day CD rates are depicted in the second and third column of Figure 3,
respectively, for each model.

shorter than that of 91 day CD rate (91 days). Therefore call rates are likely to
be more variable than the 91 day CD rate because the former can vary abruptly
to account for arrivals of daily news. Whereas the latter is known to be affected
by the former and it looks like that it takes more time for the 91 day CD rate
to be adjusted to reflect new information. We think that this is why 91 day CD
rates have smoother sample path than call rates as can be seen from top panels
of Figure 1 and 2 and changes in the call rate is wider than those in the 91 CD
rate, which is obvious from bottom panels of Figure 1 and 2. As the call rate is
more volatile than the 91 day CD rate, we get higher volatility function for the
call rate. Furthermore, because the call rate moves further away from its
long-run average level than the 91 day CD rate, we should have a steeper linear
drift to pull it back to the long-run mean level.

3. Two Subperiods
From the last section we have seen that the diffusion model with a linear drift
and a general volatility (LD-GV) can explain evolutions of both interest rates
well. Hence, we have estimated the LD-GV diffusion model for the call rate for
two different subperiods before and after the Global Financial Crisis (GFC) to
see if there are any differences in estimation results during those two subperiods
and when comparing with the case of whole period. First period is from August
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24, 2001 after the Asian Financial Crisis till December 31, 2007 before the
GFC. Second period corresponds to the ongoing GFC and it covers from January
1, 2008 till July 11, 2014.
Table 5 shows ML estimates and their standard errors in parenthesis of the
LD-GV model for the overnight call rate for two subperiods. All estimates of the
volatility parameters are statistically significant at the 1% level. None of the drift
parameters are significantly different from zero even at the 10% level for the
period before the GFC while all of the drift parameters are significant at the 5%
for the GFC period. Although we obtained quantitatively different estimates for
these two subperiods and the parameter estimates in Table 5 cannot be directly
compared with those in Table 3 since the LD-GV model was not estimated using
the whole sample in Table 3, we cannot tell the differences until we draw the
drift and volatility functions. Figure 5 depicts the drift and volatility functions of
the LD-GV model and their confidence bands using the ML estimates. First of
all, the shapes of volatility functions for both periods are quite similar to each
other and to what we got from exploiting the whole sample. The 95%
confidence band of the drift function of the first subperiod contains the x-axis
implying that the drift function is indistinguishable from zero at the 5%
significance level and no evidence of mean reversion. This can be due to the
fact that the call rate was stable around 0.04 during the first subperiod. On the

<Table 5> MLE Results of the Diffusion Model with a Linear Drift and
General Volatility for the Call Rate









**


**

2.64

**

Aug 24, 2001-

0.014

-0.33

0.000066

-0.0026

Dec 31, 2007

(0.012)

(0.31)

(0.000011)

(0.00054)

(0.090)

(0.14)

Jan 1, 2008-

0.016**

-0.70



 



1.66**

Jul 11, 2014

(0.0076)

(0.28)

(0.0000037) (0.00034)

**

0.29

log-lik


**

18112.25
18272.98

(0.0021) (0.00054)

Notes: Estimation results of the LD-GV model for the overnight call rate for two different
subperiods are displayed in Table 5. The ME estimates of the parameters and their
standard errors in parenthesis are presented from the second column to the sixth one
for two different subperiods in the top and bottom halves of Table 5, respectively.
Statistically significant estimates at the 1% and 5% significant level are denoted by **
and *, respectively. The maximized log-likelihood value for each period is shown in
the last column.
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other hand, we obtained an evidence of stronger and significant mean reversion
for the second subperiod. The sharp drop in the call rate at the end of 2008
owing to the onset of the GFC and slight increase in the call rate since then
may be the reason why we get this result. To sum up, estimation of the call rate
for two subperiods yields fairly analogous volatility functions to the one from
using all observations. However, we obtained zero drift for the .rst period and
stronger mean reversion than the whole sample during the GFC. This means that
the underlying data generating diffusion process might have changed over time.
Thus,

it

is

worth

while

to

employ

a

more

general

model

such

as

regime-switching diffusion so that the data can tell whether or not parameters
vary depending on the economic situation. This is left as a future work.

<Figure 5> Estimation of Linear Drift and General Volatility Functions for
the Call Rate
Drift Function 

Volatility Function 

Aug 24, 2001Dec 31, 2007

Jan 1, 2008Jul 11, 2014

Note: The linear drift and general volatility functions evaluated at the ML estimates over the
range of observed overnight call rates are depicted in the second and third column of
Figure 5, respectively, for two different subperiods.
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Ⅵ. Conclusion
In this article, we investigated the behavior of the short term interest rate
using a continuous diffusion process with a general nonlinear drift and a general
volatility and other nested models. As a proxy for the Korean short term interest
rate, the overnight call rate and the 91 day CD rate have been used. Maximum
likelihood estimation results using an approximate transition density function to
the true but unknown density function reveals no significant nonlinearity in the
drift term in either series. However, we obtain strong evidence that the drift
function linear in state variables and becomes negative as interest rates increase.
It implies that both interest rates adopted tend to come back to its long-run
mean level as the interest rate goes up. We could get very precise estimates of
the parameters in the volatility term in all cases. For both interest rates and all
models estimated, the volatility is increasing in the interest rate except the
Vasicek model for which constant volatility is imposed. The most general model
is preferred by the AIC and BIC in the case of the overnight call rate. While
the AIC selects the GD-GV, the BIC chooses LD-CEV. The likelihood ratio test
rejects all of the models encompassed by the GD-GV. It appears that a linear
drift and a general volatility functions are enough to model two popular
short-term interest rates in Korea.
It does not seem that the dynamics of both interest rates are stable over time.
It would be interesting to use a regime switching diffusion model that allows all
parameters to vary over time depending on the economic climate in order to see
if the underlying data generating process for the short term interest rate changes
over time. This is an ongoing research topic.
Furthermore, note that we allowed short term interest rates to tell which model
is better to describe the evolutions of the short term interest rate by using a
quite general diffusion process. And we can calculate prices of bonds with
various maturities using a diffusion model of the short term interest rate.
Therefore both practitioners and academic researchers can use the preferred
model by the data found in this paper to get term structure more accurately. It is
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also well known that the slope of term structure can help to forecast recession
(Estrella and Mishkin, 1998) and future investment and consumption (Estrella
and Hardouvelis, 1991). Understanding the behavior of the short term interest
rate and term structure is useful for investors to make a right investment
decision and for the central bank to design monetary policies.
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한국 단기 이자율의 연속시간 확산과정 모형에
대한 최우도추정법
*

최 승 문

5)

본 논문의 목적은 한국의 단기 이자율 자료를 일반적인 연속시간 확산과정
으로 모형화해 추정하는 것이다. 이 논문의 모형은 아주 일반적이어서 기존의
연구결과들에서 단기 이자율의 움직임을 설명하기 위해 사용된 거의 대부분의
확산과정들을 포함한다. 모형을 추정하기 위해 최우도추정법을 이용하는데, 이
때 우리가 사용하는 확산과정의 전이확률밀도함수를 알 수 없기 때문에
Aït-Sahalia (2008)의 축소가능하지 않은 방법 (irreducible method)을 이용해 근
사적으로 구했다. 우리의 모형에 포함되는 다른 기존의 모형들도 함께 추정해
일반적인 모형과 비교했다.
한국의 단기이자율로서 1일 만기 콜금리와 91일 만기 CD금리를 이용했다.
전반적으로 두 이자율이 비슷한 추정결과를 나타냈다. 어떤 이자율에서도 추세
(drift) 함수가 비선형이라는 통계적 증거를 찾을 수는 없었다. 그렇지만 선형
추세함수가 통계적으로 0과 다르다는 사실을 두 이자율 모두에서 발견할 수 있
었는데 이는 이자율이 장기적 평균수준으로 회귀하는 성질이 있음을 뜻한다.
우리가 추정한 모든 모형들 그리고 두 이자율 모두에서 변동성 (volatility) 함수
의 모수들이 모두 통계적으로 아주 유의하게 추정됐다. 병동성항은 이자율의
증가함수로 추정됐다. 선형적 추세함수와 일반적인 변동성 함수를 갖는 확산과
정이 우리나라의 단기이자율의 움직임을 잘 설명하는 것으로 보인다. 또한 이
자율의 움직임을 결정하는 확률과정이 시간에 따라 변하는 증거도 찾을 수 있
었다.
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